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The scaling predictions for the concentration dependence
then follow from (IIL.4) and (I11.5) by using » = '/, as

BN, \*
G\’ = (! « c3f—/[-::( EKA) (IIL7)
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which yield concentration dependences that are incom-
patible with experimental data.

IV. Discussion

The scaling approach is used to assess the validity of
various physical assumptions concerning the viscoelastic
properties of entangled polymer systems. Known molec-
ular weight power law dependences are introduced into the
scaling theory to provide predictions for the concentration
dependence which, in turn, is compared with experiment.
This mode of analysis is applied to three models of the
entangled polymer system.

The first model assumes, in effect, that for macroscop-
ically entangled systems there exists a new dimensionless
parameter which does not enter into the description of the
viscoelastic properties of dilute and semidilute (i.e.,
nonentanglement limited) solutions. This dimensionless
parameter is interpreted, following the review by Graess-
ley,! in terms of the chain contact probability. The derived
scaling theory concentration dependences of Gy®, 1, and
J.0 are consistent with the experimental data reviewed by
Graessley.!

The other two models follow the ideas of de Gennes® in
assuming that the coil overlap concentration, cg* or c*,
represents the fundamental scaling concentration as it
successfully does in the dilute and semidilute regimes.>1°
Choosing the perturbed (swollen) chain overlap concen-
tration, c*, provides agreement with recent isothermal data

on polybutadiene.’> However, the high concentrations
utilized in the experiment appear to require the use of the
unperturbed chain overlap concentration, cy*, as the scaling
concentration, and this approach yields scaling predictions
which are in poor agreement with experimental values. It
should be noted that the c* scaling model produces an
additional predicted solvent quality and temperature de-
pendence of Gy, 1, and J.° through their dependence on
the excluded volume, and this is a point which can be
tested experimentally. Perhaps there are different possible
types of entanglement systems, those where the contact
probability provides the scaling concentration, and those
for which the coil overlap concentration is the relevant
variable. Except for polybutadiene, the available data
currently favor the former.
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ABSTRACT: Eigenvalue and relaxation time spectra, viscoelastic properties, mean square dimensions, and
the distribution function of the radius of gyration are calculated for perfect networks. These nets consist
of a number u of f-functional junctions connected at random by monodisperse Gaussian chains of n + 1 statistical
subunits. The dependence of network dimensions on chain length and junction number is determined and
it is found that these nets have dimensions which are independent of junction number in the limit of large
u. The viscoelastic functions are calculated from the exact relaxation time spectra near the asymptotic limit
u— =, The results are similar to the Rouse-Mooney static junction theory but cooperative network modes
are found which have relaxation times much longer than those of the interlinking chains. The frequency
dependences of the storage and loss shear moduli are found to differ in detail from those of the Rouse-Mooney

prediction.

Distribution Functions and Mean-Square
Dimensions

Previous treatments of the Gaussian network problem
have not attempted to account for chain and network

cooperative contributions to the mean-square dimensions
{MSD) and viscoelastic properties. The reason for this is
clear enough; there are many complications in the de-
scription of elastic networks. These include the proper

0024-9297/80/2213-0626$01.00/0 © 1980 American Chemical Society
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choice of the network connectivity, the length distribution
of interlinking chains, the effect of dangling chains, loops,
and entanglements, and the effect of excluded volume.

Some interesting results have already been obtained for
Gaussian networks. Ronca and Allegra! studied the MSD
of unconstrained crystallographic nets having cyclic
boundary condtions and found that in lattices with
three-dimensional topology the mean-square distance be-
tween any pair of network junctions is virtually inde-
pendent of their topological separation. As a result the
MSD of such nets approach a constant as the number of
junctions increases without limit. Following James and
Guth? they termed this effect network collapse. This result
led Ronca and Allegra to conjecture that any network of
homogeneous three-dimensional connectivity would ex-
perience such a collapse in the ideal Gaussian limit.

Earlier James and Guth? treated the crystallographic net
in an artificial way that avoided this problem. They ap-
plied a set of holonomic constraints to a subset of the
network elements, thus fixing the positions of these ele-
ments in space. Objections to the unphysical nature of
their approach notwithstanding, it is impossible to apply
this method to networks of nontrivial connectivity, since
the relation between topological position and spatial
position is obscure. The theory proposed by Wall®* and
elaborated by Flory® is based upon assertions which ef-
fectively avoid these difficulties. By focusing on the sta-
tistics of individual chains and by appealing to the affine
deformation of the mean but not the instantaneous junc-
tion positions, Flory has produced a comprehensive theory
of elasticity which accounts for equilibrium data.

The focus of this contribution is upon the relationship
between network connectivity and viscoelastic behavior.
Since the long relaxation times that are introduced into
polymers upon cross-linking must be the result of network
formation, an attempt to understand this aspect of elas-
tomeric behavior necessarily plunges one into the problem
of network collapse. An appealing approach to solving the
problem of network collapse would be to add a repulsive
term to the network potential. Unfortunately, this is
difficult for network molecules where high segment den-
sities make the excluded volume effect rather large and
difficult to calculate. On the other hand one must ask
whether a change of fundamental connectivity, so as to
vield nets with a different distribution of small circuits,
would prevent the collapse. Since the MSD can be ex-
pressed as the first inverse moment of the density of ei-
genvalues of the Kirchhoff matrix and since this eigenvalue
spectrum is highly sensitive to the number of circuits in
the network, we can expect to alter the MSD by altering
the circuit distribution. In an earlier paper® progress was
made on this problem by studying a class of regular ran-
dom networks called reduced nets. A reduced net contains
u junctions of functionality f connected at random by
Gaussian bonds. Interlinking chain contributions are not
taken into account. In this paper we investigate the perfect
random net, which may be obtained from the reduced net
by replacing each Gaussian bond by a chain of n + 1
segments. Since these nets have random connectivity we
are forced to investigate a partial ensemble of the class of
perfect nets in order to calculate the properties of interest.

The quantities which we will use to characterize network
dimensions are the mean-squared unperturbed radius of
gyration, (s%),, and the distribution function of the reduced
radius of gyration (s2),P(¢), t = s2/(s%)p. The radius of
gyration is defined as

N N
§2 = N‘lkZ (ry - N1Zr)? (1)
=1 i=1

Viscoelastic Properties of Perfect Random Nets 627

where N is the number of elements in the network and r,,
is the position vector of the kth element. To obtain a
useful expression for (s%), we express the bonded potential
as

V([R])/kT = vTr(RKR") 2

where R is a 3 X N matrix of the Cartesian coordinates
of the N elements, Rt is its transpose, and K is the N X
N matrix which describes the connectivity of the network.
In eq 2, v = 3/2(I?), where (1%}, is the mean-square bond
length. After computing the appropriate configuration
integrals, we obtain’

(s%)o = (3/2yN) 2! (3)
(s)oP(t) =
+o N-1 .
@m f 46 expan) L1 +i8/yN&M 2 @)

where A\, denotes the kth nonzero eigenvalue of K.

It is difficult to approach the eigenvalue problem for the
perfect random net by standard methods. For f-functional
nets containing chains of n + 1 subunits each the Kirchhoff
matrix is of the order u(1 + nf/2). In a typical calculation
of interest, a tetrafunctional net might consist of 100
junctions connected by chains of 50 elements each. To
calculate eigenvalues a 10100 X 10100 sparse matrix re-
quiring 10® storage locations must be diagonalized. On the
University of Washington CDC 6400/Cyber 70 computing
system the execution time for this calculation would be
about 10% h. In a previous paper® it has been shown how
the general network eigenvalue problem can be reduced
to manageable proportions. An especially substantial re-
duction was achieved for perfect nets where the eigenvalue
problem is reduced to the diagonalization of a u X u
Kirchhoff matrix and the subsequent evaluation of the
roots of u trigonometric polynomials. By use of this
technique the computing time for the above example is
reduced to about 150 s.

The Eigenvalue Problem. The Kirchhoff matrix for
a perfect random net may be written in the block form

o[
-Ct A

where 1, is the identity of rank 4 (u is even) and A = 1,
® a where a = 26;; — 0,4 — 6;,; is an n X n matrix which
represents the connectivity of a chain. The matrix C, of
order u X unf/2, specifies the connections between chains
and junctions. In partitioned form

C= (CD C2, Ceey C“f/g)
where C; is a u X n matrix. If the kth chain is connected

to the ith and jth junctions the elements of C;, are given
by the equation

(Coim =

Algebraic reduction’ of the secular equation |K - y1} =
0 yields the following:
(1) n eigenvalues of degeneracy u(f - 2)/2 given by

AN =4sin?wl/2(n+ 1) 1=1,2,...,n (5)
(2) nu eigenvalues given by

>\gvl = 4 sin? 0[,’1/2 (6)
where 6, is one of the n real solutions of the trigonometric

polynomial of order n + 1 given by the equation

cos (n+3/2)0+ (f-1) cos (n + ¥%)8 -

(f—x,) cos 8/2 =0 (7)
The «, are u in number and are just the eigenvalues of the

ai,lam,l + aj,lam,n
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Figure 1. An example of a regular graph which does not conform
to eq 8. This is the smallest such tetrafunctional graph, but
nonconforming graphs exist for all 4 > 6.

Kirchhoff matrix of the associated reduced net.

(3) u eigenvalues obtained from the complex solutions
to eq 7, one for each x,. These are very nearly given by
6 =7 —1iIn (f- 1), and the corresponding eigenvalues are
/(- 1).

The algorithm used to generate the Kirchhoff matrices
K, for reduced random nets has been given previously,?
but it is worthwhile to repeat that the K, are of the form

f-2
K,. = Kc + ZPtj(lu/g ® B)Pj 8)
j=1

where K, is the Kirchhoff matrix for the circular chain of
u subunits, P; is any one of the u! permutation matrices,
and the matrix (1,,; ® B) is the Kirchhoff matrix for
vertices connected pairwise. The matrix B is the 2 X 2
Kirchhoff matrix for two vertices connected by a single
edge.

The advantage of generating graphs in this class, rather
than trying to generate graphs belonging to the larger class
of regular random graphs, is the guarantee that graphs
conforming to eq 8 are connected. This results in relatively
great computational efficiency since any algorithm gen-
erating regular random graphs of N nodes would be re-
quired to selectively discard those which are disjoint.
Recent theoretical® calculations on the density of eigen-
values of regular random graphs indicate that no serious
approximation is incurred in limiting consideration to
graphs generated by our algorithm. A simple example of
a regular random graph not conforming to eq 8 is shown
in Figure 1.

Diagonalization of the Kirchhoff matrix K, was accom-
plished by using Householder’s*® method to convert the
matrix to a tridiagonal form with subsequent application
of the LR algorithm!? to yield the diagonal matrix. The
solutions to eq 7 on the interval (0,7) were simply and
accurately found by a bisection method. Relative errors
in the computed eigenvalues are less than one part in 10,
The eigenvalue spectrum of the perfect random net is
determined completely by u, f, n, and the eigenvalues of
the associated reduced random net.

Some calculated spectra of the nondegenerate eigenva-
lues appear in Figures 2 and 3. A partial list of the nu-
merical results appears in Table I. These are discussed
in the following section.

Properties of the Eigenvalue Spectra. To discuss
the dependence of the mean-square dimensions on chain
length and cross-link number it is useful to obtain a simple
expression for the eigenvalue spectra. In the following we
let &, refer to the oth eigenvalue of the adjacency matrix
£ for the reduced random net. For regular f-functional
graphs the £, are related to the eigenvalues of the Kirchhoff
matrix by £, = f - «,.

The nondegenerate A spectra have a simple appearance.
Each spectrum consists of n bands of u eigenvalues each,

Macromolecules

4.00¢

3.00

A 2.00

1.00

Olosmann” :
0 20 40 60 80 100
Figure 2. A nondegenerate eigenvalue spectrum for a trifunc-
tional net having x = 10, n = 10, In this low x limit the eigenvalues
are not clearly separated into bands.
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Figure 3. A nondegenerate eigenvalue spectrum for a trifunc-
tional net having ¢ = 100, n = 30, The plot contains 3000 ei-
genvalues, the 30 bands having 100 eigenvalues each.

Table I
© n N A° Bb ce

100 10 2100 4.93 0.155 1.849
100 20 4100 9.39 0.562 1.342
100 30 6100 13.85 1.22 1.340
100 50 10100 22,90 3.38 1.347

100 10 1600 7.64 0.724  2.089
100 20 3100 14.58 2.64 2.084
100 30 4600 21.51 5.74 2,082
100 50 7600 35.88 15.54 2.082

10 10 210 4.09 0.910
20 10 420 4.41 0.504
60 10 1260 4.78 0.222
100 10 2100 4.93 0.155

10 10 160 5.56 3.35

20 10 320 7.06 3.12

40 10 640 7.10 1.44
100 10 1600 7.64 0.724

8 A= (sH KDy, B B= (8%, — (833,217,
(?y,n'(1 - 1/n’ 7)/6.

WWLWw dd OWWW wd ™

¢ C=(s%,/

the oth eigenvalue in the /th band arising from the Ith
solution to eq 7 with £, fixed. We use the convention that
the £, are a monotonic nonincreasing function of o. This
suggests that the /th band of eigenvalues is of the form

Ao =a;+ bk, 9
where A, is the (u{l - 1) + o)th eigenvalue in the nonde-

generate A spectrum. Since the £, lie nearly symmetrically
about zero on the interval (-2(f — 1)/2, 2(f — 1)1/2) we are
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led to seek the n solutions 6, to eq 7 with £, = 0 and to
expand the solutions 8, , in terms of the £, near these 4,
This leads to

At = 4802 (6,0/2); 6,y ~ 6+ 2| & (10)
' ' ’ dgu =6
. . dé
Ay =4sin? (6,/2) -2sin 6, —| &, (11a)
’ dEa =6

b cos (6/2) /[, tan (8/2) X

d
d¢,
(cos (n + 3%)8 + (f - 1) cos (n + %)6) -

(n+ %) sin (n + %) - (f - D(n + %) sin (n + %)4]
(11b)

In finding the 6, we seek high accuracy for small 4, as
the smallest eigenvalues make the largest contributions to
(s%)o. We assume a solution of the form 8, = =l/(2n + a),
[=1,8,5,...,2n -1, and substitute this into eq 7 to obtain

B - a)rl F (- si (1 -o)ml —o
S on + a) M oen+a) (12)

8,=xl/@2n + 2/f + 1)

For n = 10, this gives values of 8, which are accurate to one
part in 10° for small [ and for large [ are no worse than one
part in 102 For large n the agreement becomes even
better.

This accurate representation of the A spectrum can be
used to calculate eigenvalue density distributions and other
properties of interest. The dependence of (s?), on the
chain length can be obtained by further approximation.
Equation 9 can be used in eq 3 to yield the expansion

2":11 /Aoy = ar io(--l)P(bl/a»PT,(sp)
o= p=

(1/)\[)(# + 0+ /J.f(b[/a[)Z + 6T(b,/al)3 + )
=~ u/A; A = 4 sin? 6,/2 (13)

where T is the number of triangles in the reduced graph!!
and is independent of u.® For tetrafunctional nets it
suffices to approximate 6, = #l/(n + 3/, ~ 7l/(2n + 2).
Combining this with the contribution from the degenerate
eigenvalues, having set f2/(f — 1) to 4 sin? (x/2)([2n +
1]/[2n + 2]), we arrive at an approximate u-fold degenerate
eigenvalue spectrum from which the dependence of (s?),
on n can be found. The moment generating function for
the radius of gyration becomes'? the following with these
approximate eigenvalues:

n'~1
M) = (&%) = ([IN™2U, ™21 +i8/2yn) - (14)
where n’ = 2n + 2,y = yu(2n + 1)/(2n + 2), and U,

is the Chebyshev polynomial of order n’ —~ 1. Thus we
obtain

(s2)0/(12)g = %(1 ~1/n?) (15)

Table I compares the values of (s2),/(1?), computed from
eq 3 with this expression. The two agree to within a
multiplicative constant even for trifunctional perfect nets.

In considering the x dependence of the mean-square
dimensions it is helpful to consider each set of eigenvalues,
degenerate and nondegenerate, separately. The contri-
bution of the degenerate eigenvalues to (s?)o/(I%), is given
by

(f-2)/(nf + 2))5:_1/(4 sin? (xl/2n + 1)) +
" (f - /P + nf/2) (16)
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Figure 4. (s%),P(t) plotted on the relative ¢ axis. Fluctuations
of s? from its mean value are small. The numerical calculation
was performed without approximation of the eigenvalue spectrum.

which contains no dependence on u. Any p dependence
must arise from the nondegenerate A spectrum. We shall
now find a set of eigenvalues £;, such that ¢, < \;; these
can then be used to set an upper bound to the contribution

-of the nondegenerate eigenvalues to (s2);. These are ob-

tained by linearizing eq 7 to obtain a good estimate for the
A1, band of eigenvalues. The result is

€, =20f-&)/(Wf+(F+22n+2+f/2) <x, (17)

The inequality can be shown to hold by substituting eq
17 into eq 7 and noting that the sign of eq 7 does not
change on [0,6, ] where 6, , >~ ¢, ,//% Now since \;, > A\,
2 ¢, for2<l=<n,welete, = ¢, forallltoobtain a set
of eigenvalues consistent with obtaining an upper bound
for the MSD. This yields
u=1

Mlim (s%)o/ (B0 <I}im (constant/u) 2 (f - £,)7 = Cy,

—> 00 —> o a=1

(18)

The evaluation of the sum in eq 18 has been accomplished
in a previous paper® on reduced nets and it is there shown
that C;, does not depend on g if f > 2. This result shows
that perfect nets collapse and that the dimensions of nets
with monodisperse chains are so intimately related to the
dimensions of the associated reduced net that the latter
must be studied prior to the more complete investigation
of networks with chain modes included. This line of attack
will be pursued in future work.

In Figure 4 a sample distribution function of the reduced
radius of gyration is shown for a tetrafunctional net. This
distribution function is much narrower than that of the
linear or circular chain, showing that relative fluctuations
of s? tend to be small for perfect nets. Surprisingly, this
distribution function is narrower than that of the reduced
random graph of the same junction number.

From these results it is clear that the network collapse
must have as its underlying cause either the omission of
spatial constraints in the network connectivity or the lack
of repulsive terms in the network potential. Current
calculations!® and theoretical work!* on networks with
spatial constraints acting at the time of formation strongly
suggest that the excluded volume effect is crucial to the
support of networks against contractive collapse.

Dynamic Properties

Theoretical work on the viscoelastic properties of
Gaussian networks has heretofore been based on Rouse—
Mooney theory. Following Kirkwood’s!® treatment of the
configurational diffusion of a polymer molecule, Rouse!®
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formulated a theory for the dynamic viscosity of a linear
Gaussian chain in a sinusoidal shear field. From this Rouse
obtained the Gaussian contribution to the spectrum of
relaxation times H(r) and found that H(r) « 712 and that
both the storage and loss parts of the complex shear mo-
dulus, G(w), were proportional to w/? in the frequency
range where Gaussian modes can be expected to account
for G(w). Zimm!7 extended the Rouse treatment by in-
cluding the preaveraged Oseen hydrodynamic interactions
and found that H(r) « 77%/3, Bueche'® suggested that the
molecular theory intially formulated for dilute polymer
solutions could be extended to the bulk, undiluted state
if the subunit friction factor is appropriately modified and
if the theory is confined to chains of sufficiently low mo-
lecular weight so that entanglement coupling can be ig-
nored. Finally, Mooney!® formulated a static cross-link
model of a polymer network, in which the only relaxation
processes stem from the configurational diffusion of a
linear Gaussian chain constrained at both ends. The re-
laxation times that Mooney found are just the Rouse re-
laxation times, to which he added one infinite relaxation
time to account for the nonzero equilibrium modulus.

We believe that the first step in extending the Rouse
theory to networks should be taken without making any
special assumptions regarding separation of chain and
junction modes, or regarding differences between friction
factors of junctions and chain segments. We thus find a
complicated spectrum of relaxation times, which includes
contributions from chain motions, cooperative network
motions, and even motions of the network junctions
themselves.?® Relaxation times much longer than those
of the Rouse-Mooney theory are found and these will be
shown to yield a somewhat different dependence of the
complex shear modulus on «.

Viscoelastic Properties. The generalization of the
Rouse-Zimm treatment of a linear polymer in a shear field
to polymers of arbitrary complexity requires only the
computation of the spectrum of relaxation times; the
fundamental theory remains intact. Since these relaxation
times are independent of the driving force on the system
they may be obtained from the equations of motion. The
x component of the equation of motion of a Gaussian
molecule in a viscous medium is

mx = -{ % - 2ykTKx + A(t)

19
X = (xl, Xoy o o0y xN) ( )

where ¢ is the subunit friction factor and A(¢) is the
Brownian force. A normal coordinate transformation de-
couples eq 19 to yield

mg; = -§q; — 2ykT\;g; + a(t) (20a)
For motions having long relaxation times the inertial term
may be neglected, giving the Langevin equation
The solution to this stochastic differential equation is
p;(g;t), the configurational distribution function of the jth

normal coordinate. This arises as the solution to the as-
sociated Fokker-Planck equation?

d 42 d
= pilgit) = (1/7)(q2 — pigpt) + — qp;(g,t
at P,(q] ) ( /T})<q1 ) aqu p](qj ) aq] ijj(QJ )

(21a)

It can be shown that if the distribution p;(q;t) is perturbed
from its equilibrium value it relaxes exponentially with a
characteristic decay time

7/ = ¢/2kTy\; (21b)

Macromolecules

Mooney!? has explicity shown this for the instantaneous
triaxial strain «;; = ;0. In general, the relaxation times
appropriate to the calculation of a particular molecular
property can be related to those of eq 21b.1” The relaxation
times which are useful for the calculation of viscoelastic
properties are given by r; = 7//2. To calculate the shear
viscoelastic properties of the perfect net we simply apply
this spectrum of relaxation times, calculated from the
eigenvalue spectrum, to the standard results of molecular
and phenomenological®? viscoelastic theory.

When a shear strain y(t) is applied to a viscoelastic
system, the shear stress is determined by

o0 = f :G(t — )4(t) d 22)

In terms of the logarithmic density of relaxation times,
H(7), the relaxation modulus G(¢t) may be written as

+o
Gt) =G, + G, f H(r)et/"dIn 7 (23)

where G, is the equilibrium part of G(t). The logarithmic
density of eigenvalues is

N-1
H(r) = X ro(r - 1) (24a)

i=1
fHHdmr=N-1 (24b)
The relaxation modulus may be written in terms of g(\),
the density of eigenvalues, with the dynamic part ap-

pearing as

G(t) = G(t) - G, = (N - 1)G, j; “sNeMedn  (25a)

j; g0 dN=1; = {/4kTy (25b)

Finally the complex shear modulus may be written

+o
wT
G(w) = G, j; T ier(T) dlnr (26)

In evaluating these quantities for networks, we are
careful to note that although G(«) and G(t) are intensive
properties, the normalization in eq 24 seems to indicate
an apparent u dependence in the viscoelastic properties.
This can be removed by considering G, as a u dependent
variable and by taking the limit as g — ». In this way

G H(7) = H(r) (27a)
N_

() = lim (1/ S 18(r - 1) (27h)
> i=1

S TE@ dInr=nf/2+1 (27¢)

where 7 is a constant which depends only upon the in-
tensive properties of the substance. While the logarithmic
density of nondegenerate eigenvalues may be considered
to be a function in this limit (see Figure 5), the logarithmic
density of degenerate eigenvalues may not. This latter
contribution is

n+1 -9 n+l(f - 2
lim (1/u) Zu(f )76(7 - =X U )76(7 -7
;,L——>oo 1=1 2 =1

(28)

where u(f — 2)/2 is the degeneracy of the lth eigenvalue.
This unfortunate result is due to the uniform chain length
in the perfect net.
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Figure 5. The nondegenerate density of eigenvalues for a large
trifunctional net having u = 100, n = 50. The function g(\) was
calculated directly from the eigenvalue spectrum by counting the
number of eigenvalues on the interval [A\,A + dA]. Normalization
is according to eq 25b.
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Figure 6. The logarithmic density of nondegenerate relaxation
times calculated for the net used in Figure 5. H(r) was calculated
directly from the relaxation time spectrum by counting the
number of relaxation times on the interval [In 7, ln 7 + d In 7].
For convenience we have set 7; = 4/A; and have normalized the
integral of H(r) to unity.

A pictorial representation of H(r) which is also useful
for calculating the above viscoelastic properties may be
obtained by a smoothing technique. A change of variables
to v = 1/7 casts eq 23 into the form of a Laplace trans-
formation. Application of the Widder-Post inversion
formula yields??

Hen = 1 (-t): d*G(?)
TEER DA |ew
. kk N-1
= 111—13 . 1)l§1 (r/7) exp(-k7/7) (29)

which gives an approximate smoothed H,(7) for finite &.
The function H,(r) was calculated for values of & in the
range 2-1000 but £ = 8 gave reasonably smooth density
functions which could be used to calculate viscoelastic
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Figure 7. The smoothed logarithmic density of relaxation times,
both degenerate and nondegenerate, calculated for a tetrafunc-
tional net having u = 100, n = 50. This H,(r) was calculated from
eq 29 with k = 64. In this plot the relaxation times were calculated
as 7; = 6/ Ni

log H(T)

0 1.0 2.0 3.0 4.0 50
log T
Figure 8. A logarithmic plot of the Hy(r) in Figure 7.

0 1.0 2.0 3.0 4.0 5.0
log t

Figure 9. The logarithm of the dynamic part of the shear re-

laxation modulus calculated from eq 23. The solid line represents

the exact G(¢) calculated from the H(7) given in eq 24a whereas

the points are derived from the approximate Hy(r) in Figure 7.
The two methods of computation agree well with one another.
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log w

Figure 10. The frequency dependent parts of the storage and
loss components of the complex shear modulus are plotted log-
arithmically. The frequency axis is arbitrary since we have ar-
bitrarily chosen the constant of proportionality between 7; and
1/X\;. The Gaussian model is inadequate at high frequencies and
this portion of the graph can be ignored.

properties with high accuracy. Graphs of H,(r) and G,(t)
calculated in this manner for tetrafunctional nets are
shown in Figures 7-9. We have calculated G(t) and G(w)
directly from the relaxation spectra; these appear in Fig-
ures 9 and 10. We also find that the ratio of the longest
cooperative network relaxation time to the longest
Rouse-Mooney relaxation time for an interlinking chain
is

p = iet /7ohEn ~ 72(f + (f + 2) /n) /2(F - 2(f - DV?)
(30)

where eq 18 has been used with min (f - £,) = f - 2(f -
1)¥/212 For tetrafunctional nets this yields p ~ 37(1 +
3/2n) whereas for trifunctional nets p = 87(1 + 5/3n).

The approximate slope of the smoothed H(r) shown in
Figure 8 indicates that within the range 7, < 7 < 7,
H(r) « 1795 for tetrafunctional nets and for trifunctional

Macromolecules

nets H(7) « 0%, although these are gross approximations
to the true spectra. Finally, for both trifunctional and
tetrafunctional nets G'(w) « w®7 and "(w) = w®¥ in the
region 1/7,.. £ w < 1/7pn. This differs from Rouse—
Mooney theory, for which G’(w) = G{w) « »'/?in a region
which does not extend as far into the low-frequency regime
as do the results reported here. A result of these calcu-
lations which differs markedly from previous work is that
the relaxation times associated with network junctions are
given by a(f — 1)/f%, which are the shortest relaxation times
in the net. There are u such times, one for each junction.
By comparison of the results on the eigenvalues and ei-
genvectors of stars these can be associated with fast
junction motions. This contrasts strongly with Rouse-
Mooney theory where the junctions are treated as static
points.
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